This paper presents a number of sequences based on integers arranged in a three-dimensional array which is a tetrahedron. This approach provides a simple derivation of some well known sequences. In addition, a number of new integer sequences are obtained.
Introduction
In a previous paper [1] , several well-known sequences (and many new sequences), were derived from two-dimensional arrays of integers. In this paper, we consider the case of a three-dimensional array which is a three-sided pyramid or tetrahedron of integers. For example, the number of elements in the tetrahedron is
where n is the number of levels. Starting from n = 1, we have 1, 4, 10, 20, 35, . . . , which is sequence A000292 in the On-Line Encyclopedia of Integer Sequences [2] , and is appropriately called the tetrahedral or pyramidal numbers. Additional sequences based on this integer array structure are given in the next section.
Tetrahedral Pyramids of Integers
A tetrahedral array of integers has the following structure for n = 1 to 4 The first of these is sequence A050407, and is given by
which is just one more than the tetrahedral numbers. The second is sequence A105163 (with the leading 1 removed), given by
In this case, the sequence s n − 1 is the x 3 term in (1 + x + x 2 ) n (A005581 in the Encyclopedia). The sum of the elements along the edges give three sequences 
The sum of the elements on the edges is then (3) −2 1, 10, 33, 81, 168, . . . ,
The sum of the rows on the faces of the pyramid give the sequences n(n 3 + n 2 − n + 5)
n(n + 1)(n 2 + 2)
respectively. From (5), we can obtain the sum of all elements on each face which are the sequences n(n + 1)(n + 2)(4n 2 + 3n + 13)
respectively. Summing the sequences in (6) gives the sequence for the sum of the elements on all three faces (if the apex is counted once for each face) 3, 21, 89, 277, 702, . . . , with the terms given by the formula
n(n + 1)(12n 3 + 43n 2 + 27n + 98).
Adding the elements on a level gives 1, 9, 45, 155, 420, . . .
This is sequence A095166, the natural numbers arranged in triangles. Note that the formula in [2] differs from that above because the sequence here begins at n = 1, as opposed to n = 0. The sum of all elements is the sum for 1 to n levels which is 1, 10, 55, 210, 630, . . . , with terms s n = 1 72 n(n + 1)(n + 2)(n + 3)(n 2 + 2).
If one takes the sum of the faces (7) and subtracts the sum of the edges (3), we obtain 0, 9, 54, 194, 532, . . .
Adding one to this total to include the apex (as it has been added three times and subtracted three times), gives 1, 10, 55, 195, 533, . . .
which is the sum of the elements on the surface of the tetrahedron. The corresponding sequence terms are given by the formula
The sum of the edge elements on each level of the pyramid gives the sequence 3, 9, 23, 48, 87, . . .
Note that the apex is counted three times as it is part of each edge. 
where again the apex is counted three times. Taking the difference (14)- (13) gives the sequence 0, 9, 45, 140, 338, . . .
(n − 1)(3n 3 + 5n 2 − n + 12) (15) Summing these elements starting from level 1 and adding 1 for the apex gives (11), as expected.
